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1 Detailed derivation of relationship between joint
displacements and link internal forces

This article contains a detailed derivation of some link equations presented
in CSI Analysis Reference Manual, chapter " The Link/Support Element—
Basic”. Uncoupled linear force-deformation relationship can be written us-
ing the following matrix equations (see Manual section Link/Support Prop-
erties, Uncoupled Linear Force-Deformation Relationships):

ful i kul 0 0 0 0 0 dul
fu2 ke 0 0 0 0 du2
frl krl 0 0 drl
fro sym. ko O dyo
er L kr3 J dr3
The above equation can be concisely written as:
{fu} = [K]{du} (2)

Link element forces can be written in the terms of link internal forces
as follows (see Manual section Link/Support Properties, Element Internal
Forces):

P M1 0 0 0 0 07 ful
V2 0 1 0 0 00 fuo
V3 _ 0 0 1 000 Su3 (3)
T 0 0 0 1 00 fr1
M?2 0 0 d—dj3 0 1 0 fro
M3 | 0 d—dj2 0 0 0 1| fr3
Concisely:
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{F} = M {fu}

(4)

For one-joint link, link deformations can be written in the terms of joint
displacements as follows (note that d = 0 at J end of the link; see Manual

section Internal Deformations):

dy1 1 000 O 0 uy
dug 01 0 0 0 —dj2 ug
dg3 | |0 0 1 0 dj3 O us (5)
di ( |0 0 0 1 0 0 r1
dro 0000 -1 0 r9
dr3 00 0 0 O 1 JUrs i
Concisely:
{du} = [Ma] {u} (6)
Equations (4) and (6) can be substituted into equation (2) to yield:
(M7 H{FY = [K] [Mo] {u} (7)
{F} = [Mi] [K] [Ma] {u} (8)
Upon substitution:
[ kw1 0 0 0 0 0 ]
0 ku2 0 0 0 0
B 0 0 kus 0 0 0
MIET = 0 0 k1 0 0 ©)
0 0 —dj3kys 0 ko O
L 0 —dj2kye 0 0 0 k3|
[ kw1 0 0 0 0 0
0 kw2 0 0 0 —dj2ky2
B 0 0 ku3 0 dj3kus 0
Do) KL= | 0 S 0 0
0 0 —dj3kys 0  —kyo — dj3%kys 0
L 0 —dj2k.e 0 0 0 ks + dj2%kys |
(10)
Or:
2 ok, August 26, 2009




Derivation of Link Equations (Draft) Computers & Structures, Inc.

P [ kw1 0 0 0 0 0

V2 0 ko 0 0 0 —dj2Fkys

vi | | 0 0 kus 0 dj3kys3 0

T ]l o0 0 0 k1 0 0

M2 0 0 —dj3kys 0 —kyo — dj3%kys 0

M3 ), L0 —dj2ke 0 0 0 kys + dj2%kys |
(11)

2 Equivalent Shear and Bending Springs for Pris-
matic Beam

The Manual gives an example of equivalent shear and bending springs com-
puted for prismatic beam with a section bending stiffness of EI in the 1-2
plane. The beam element stiffness matrix at joint j for the 1-2 bending plane
is:

V2 _EI} 12 —6L U9 (12)
M3 [ T L3 | —6L 4L? s |
From Equation (11), the following two equations can be extracted:
V2 o k‘ug —dj2ku2 u9 (13)
M3 ; T | —dj2kue ks + dj2%ks s )

Equating the matrix coefficients in Equations (12) and (13) yields the
following set of three equations for three unknowns kyo, k.3 and dj2:

12E1
kys = 3 (14)
. —6FE1
—dj2kyo = Iz (15)
4F1
k?r?) + dj22ku2 = T (16)
From Equation (15):
—6FEI 1 —6FEI —12F1 L
dj2 = = = — 17
J L2 —ky L2 L3 2 (17)
From Equation (16):
AET AET IN\%?12EI EI
kg = —— —dj2%kyp = — — [ = = — 1
r3 L y) u2 i3 ( 2 > L3 i3 ( 8)
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